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The first example of such a group was discovered by 
the course of his research on A-calculus. By using the same i 
~ons~r~~ted an infinite family of such groups [4]- The presen 
““smallest” of these groups, as given explicitly by Wigman, is rather 
complicated. In the present paper we give another example of a finitely 
presented infinite simple group which we call A’. Th presentation (2) (see 
Section 10) of A’ is written in only three lines. ur group A’ is the 
commutator subgroup of another group A which is given by the ~~~se~tat~~~ 
(1) occupying only two lines (see Section 3). have A = A’ x (C, 
where xi denotes the semidirect product and C e cyclic group of or 
The group A arises in a natural way from t udy of s-regular gro 
a~tomor~hisms of the cubic tree I-,, see [3]. Each of th 
a (non-trivial) free product with amalgamation in tw 
factors in these products are residually finite (in fact 
of two finite groups with amalgamation) and the a 
have finite indices in each of the factors. The expression of A as a free 
product with amalgamation makes it clear that it has no elements of finite 
order greater than 8, so that A’ is quite different from any of the simple 
groups considered in [4]. 
Let us also mention that examples of infinite simple groups whit 
(non-trivial) free products with amalgamation were discovered by Camm 
]a]. However, in all of her examples the factors are free groups on two 
generators and the amalgamated subgroup is a free group of infmite rank 
(and so has infinite index in each of the factors). 
* This work was supported in part by NRC Graat A-5285. 
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1. We define eight groups as follows 
A~=(X,a,b(X~=~~=b~=(ub)~=1,bxb-‘=x~,xax-’=(ub)~), 
A12=(X1X3= l), 
A2=(x,c(X3=C*= l,cxc-1=x2), 
A23=(C1C2=1), 
A, = (a, b, y 1 a2 = b2 = y2 = (ub)4 = l,yuy-’ = b), 
A,, = (a, b I u2 = b* = (ub)4 = 1). 
We claim that A, z S, (S, is the symmetric group of degree n). There is an 
epimorphism A r -+ S, sending x, a, b to (132), (12)(34), (13), respectively. 
Since (12)(34) and (13) g enerate a Sylow 2-subgroup of S,, it follows that 
the canonical map A,, +A, is injective, i.e., A,, is a subgroup of A,. Since 
bx = x2b, bx’ = xb, ax2 = x2(ub)2, and 
ax = x2(ub)* x2 = x2bubx2(ub)* = x’buxubu 
= x2(ub)3 xubu = x2abxbu = x2ux2a = xbub, 
we have A, = A,, U xA,, U x*A,, . This implies that the above epimorphism 
is in fact an isomorphism. 
The eight groups defined above can be arranged in a diagram 
A, -A41- A4 
T T 
A,2 A34 
1 1 
A2 -A23- A3 
where all the arrows are the canonical inclusion maps. 
2. We now define 
Aw=A, *a,*A2, As =A, *~z,A3, 
A, =A, *a,,A4> A,=A4 *AqlA~t 
where X *H Y denotes the free product of two groups X and Y with the 
common subgroup H amalgamated. The presentations for these groups are 
obtained by combining the presentations of the factors. For instance A, is 
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generated by a, b, c and its defining relations are those of A 1 toget 
those of A,. e now obtain a new diagram 
A, -A&-+-A, 
1 1 
A, A, 
T T 
A, -As-A3 
e arrows are again the canonical inclusion maps. 
* We define M=A,, *A,, and P=A,, *Adi, i.e., 
M=(x,yIx3=y2=1), 
P=(a,b,cIa2=b2=c2=(ab)“=1). 
15, Proposition 3, p. 141 the four canonicai maps P-, A,, 
and M -+ A, are injective. Thus we have A, ~3 A, = P a 
e now form free products with amalgamation 
AH=AwepAEs A,=A, *MAN. 
Tne canonical map AH-1 A, is an isomorphism; we ~de~t~f~ t 
this ~somorphism and set A = A, = A,. 
e group A is generated by a, b, C, x, y and has the fQ~~~w~~g defining 
relations: 
a2 = b2 = c2 z x3 = y2 = (ab)4 = (q~)~ zz 1, 
bxb = cxc = x2, xax-’ = (ab)l, yay = b. 
a Since A, = A,,A,, and A, = A12Az3? we have A, = Al2 
Consequently we have A = MP = and 
the commutator subgroup of A. T omm OfA: 
by x, a, and (ab)2. Since yay- ‘~4~ ’ = ba, that 
A I <A’. This implies that A’ is the normal closure of A 1 in A and that A is a 
semi-direct product A = A’ >a A,. 
roof. Let u E N, u f 1, be an element of finite order. Then it is web- 
known [S, Proposition 2, Cor. 1, p. 13j that u is conjugate to an element of 
A 1 VA, U A, U A,. know by using the de~~~~g relations (I) it is easy to 
check that A/N is abelian, i.e., N =) A’. 
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5. Let r, be the regular tree of valence d; thus r, is an infinite 
connected graph such that every vertex is incident with exactly d edges. An 
s-arc in r, is a sequence (vO, vi,..., vs) of vertices such that {vi, vi+i} is an 
edge for O<i<s--1 and v~#v~+~ for 04 i<s - 2. Let G be a group 
acting on r, (by automorphisms). We say that G is s-transitive if it acts 
transitively on s-arcs of r,. We say that G is w-transitive if it is s-transitive 
for all positive integers . We say that G is s-regular if it is sharply transitive 
on s-arcs of r,. We recall the following known fact which can be easily 
deduced from a result of Tutte [ 71: If G is 6-transitive on r, then it is o- 
transitive; if G is l-transitive on r, but not w-transitive then it is s-regular 
for some s, 1 < s < 5. 
Now we assume that G acts faithfully on r,, i.e., say G < Aut(T,). If G is 
s-regular for some s, 1 < s < 5, then it was shown in [3, Theorem 21 that up 
to conjugacy there are only seven possibilities: one for each of s = 1,3,5 and 
two for each, of s = 2,4. 
6. Let M,, (resp. P,) be the largest normal subgroup of A contained in 
M (resp. P). The tree r, can be constructed from A as follows. We take 
A/A, to be the vertex-set and A/A, to be the edge-set. An edge uA, is 
incident with a vertex VA, iff uA, n VA, # 0. Thus the end-points of uA, 
are uA, and uyA ,. That this graph is indeed r, can be easily deduced from 
[5, Theoreme 7, p. 491. The group A acts on r, by left translations, P, acts 
trivially and A/PO acts faithfully. By Lemma 1 P, contains no elements of 
finite order except identity. Since A,n P = AdI, it follows that A, acts 
faithfully on r, and it is clearly 4regular. Similarly, A, acts faithfully and is 
2-regular. By [3, Theorem 31 A is w-transitive. 
LEMMA 2. M,, = { 1 }. 
Proof. Assume that there exists u E M,,, u # 1. By Lemma 1 u has 
infinite order. Since M is l-regular it follows from [6, Proposition 3.41 that 
there exists a doubly infinite path . . . . v_ 1, v,, , v1 ,... and an integer k > 1 such 
that u(vJ = v~+~ for all i. Since A is w-transitive there exists z E A such that 
z(vi) = vi for 0 < i < k and z(vk+i) = v’ # vk+i. Then ZUZ-~U-~ # 1 and 
zuz -‘z.-~ E M,. Since z~z-‘u-~(vJ = v,, and M is l-regular, it follows that 
ZUZ- ‘u- ’ is an element of finite order. This is impossible by Lemma 1. 
7. The tree r, can be constructed from A as follows: the vertex-set is 
A/A,, the edge-set is A/A,, and an edge uA, and a vertex uA, are incident 
iff uA, n VA, # 0. Thus the end-points of the edge uA, are uA, and WA,. 
The group A acts on r, by left translations and this action is faithful because 
M, = {I}. Clearly this action is l-transitive. 
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LEMMA 3. Let K be the subgroup of A,, ~e~e~~ted by a an 
have = KM and yKM = bKM. 
It follows from the defining relatio 
xKM c KM and consequently 
= KM. Similarly, yK c bKM imp 
h3vUvfA 4. The action of A on r, is w-t~a~~itiv~~ 
PrOOf. e know that A is l-transitive. assure that it is s-transitive for 
some s > 1. Let 
vi = (bc)’ A,, vi = ((ab)‘c)’ A, 
Then (a.‘9 v-r, z)~, vI ,...) and (..“, t~[r, z&, vi,...) are doubiy infmite paths such 
that v-,fv[,, v-,=v[,, vO=vh, and vrfv;. ince xbc = bcx and 
y(ab)*c = (ab)2 cy, we have x(uJ = vi and y(uj) = vi for all i. Since A is s- 
transitive there exists u E A such that u(u~) = vi for --s < i < 0. Since M fixes 
v-1 and vo, we have in fact u E M. Hence the element y1 = uyu- r also 
belongs to M. Clearly, both x and y1 fix the s-arc (v-, 7..a, Y_ I 9 vO). Let X be 
the set consisting of seven vertices adjacent o u0 and different from v _ 1. It is 
easy to check that M acts transitively on X, and in fact the 
group induced by M on X is the sharply doubly transitive group. 
that yr(v,) # vl. Otherwise we have ylbcA, = bcA,, i.e., cby, bc E 
s an odd number of times in y, = ayyu-‘, ma 3 implies that 
=KM.Thusy,b=rzforsomevEMandzE Since c ~orrna~~~~~ 
M and 
cby, bc = cbrzc = cbrc . czc E NI 
we obtain cbrc E A,. Hence br E A,n cA,c = and so bd347-2 
b = Y, a contradiction. This proves that y,(v,) # vl. ~onse~ue~t~~~ the group 
(JC, yl) also acts transitively on X. Hence A is (s f ~~-transitive by 
[I, Theorem 17.51. 
rooJ: The proof is the same as that of Lemma 2. One just has to 
observe that the action of P on T, is 1-regular and to use the ~~e~~o~s 
lemma. 
It follows from this lemma that the action of A on r3 is also ~a~t~~~~. 
* The following lemma is crucial for the proof of our main theorem. 
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LEMMA 6. Let X and Y be subgroups of A@,) which are 4regular 
and 2-regular, respectively, and such that X ~7 Y = X, is l-regular. Then the 
amalgam 
YtX,+X 
is isomorphic to the amalgam 
A,tM-tA, 
and the canonical map 
x**, Y-b (XU Y) 
is an isomorphism. 
ProoJ We may assume that r, is constructed from A as in Section 6. By 
[3, Theorem 21 X, and A4 are conjugate in Aut(T,) and so we may assume 
that X, =M. By [3, Theorem 61 we have necessarily Y = As. By [3, 
Theorem 6 and Proposition 131 we may further assume that X = A,. This 
proves the first assertion of the lemma. The second assertion now follows 
from the fact that A acts faithfully on r,. 
9. We are now in the position to prove the following basic result. 
THEOREM 1. If{l}#NaA thenNI>A’. 
ProojI Assume first that N is torsion-free. 
By [6, Proposition 3.41 there exist a doubly infinite path (..., v-r, vO, vr ,...) 
in r, and u E N such that u(vi) = Vi+k for some fixed k > 1 and all i E Z. 
Since A is o-transitive on r, there exists z E A such that z(vJ = vi for 
O<i<k+ 1 and z(v~+~)#v~+~. Then u, =zuz-~u-’ fixes the l-arc 
(vO, vr) and u,(v,)# v2. Since u1 # 1 and ur EN u A, we conclude that 
MCI N # (1). Since c normalizes M, it follows that c also normalizes 
MfTN. 
Let X = A,/(N f’~ AN) and note that the canonical maps A, --t X and 
A, +X are injective because N is torsion-free. For u E A, let U be the image 
of u in X by the canonical map A, + X. Let r, be the graph whose vertex-set 
is X/A,, the edge-set is X/A,, and the edge iiA, and the vertex 2?il, are 
incident iff CA, ~7 z7AI # 0. Thus the endpoints of the edge E4, are CA, and 
uyA , . The group X acts on r, by left translations and this action is faithful 
and 4-regular. - - The subgroup X, = (x, y) of X is l-regular on r,. Since c normalizes 
Mn N and satisfies cxc-r = x2, cyc-’ = y, it follows that c induces an 
automorphism 13 of X, such that O(Z) = (f)’ and 8(y) = U; By [3, 
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ro~as~ti~~ 211 there exists a 2-regular subgroup Y of AuP such t 
y [3, Theorem 3, Cor.] TX is a tree, i.e., TX is ~s~rn~~~~~~ to -r3~ 
Lemma 6 the canonical epimorphism A -+ (XV Y) is an 
particular, the canonical map AN-+X is an isomorp 
c~~tradicti~~ since the kernel of this canonical map is N 
cannot be torsion-free. 
Now the assertion of the theorem follows from Lemma 4, 
s Since A = A, eM A, and [A, : M] = 2, the normal closure of A, m 
A is 
= A, *M cAA,c-‘. 
y cQ~s~dering the diagram 
A, - A,, - 4 
T A 
Al, A 34 
1 J 
CA,C --: ccA,,c-” --) cA,c-’ 
at also ha =B, *QB,, where 
Since c normalizes B, and [B, : ] = 2, the normal closure of win A is 
A’ and we have 
By considering the diagram 
A, - Ad, - yA,ypi 
T t 
Al, y/a:,y-’ 
1 1 
CA’C -‘ccA,,c-” - y~A~c--“y-~ 
it is easy to see that also 
A=Al,*,A$ 
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&=A, *AdI yA,.F’, A; = CA&C-’ 
Y=A,, * yAI,y-‘. 
Writing cut-’ = a, cbc-’ =/I, and yxy-’ = 4 we obtain the following 
presentation for A’: 
It is generated by x, a, b, <, a, /3 with defining relations 
x3=u2=b2=(ab)4=~3=~2=P2=(~~)4=1, 
bxb = x2, xax-’ = (ab)*, /3x/? = x2, x- ‘ax = (a/?)*, 
a& = <*, <b<-’ = (ub)*, a& = C*, <-l/3< = (a,Q2. 
The subgroup U of A’ generated by x and c has a presentation 
u=(x,~]x3=~3=1)~c3*c3. 
The subgroup V of A’ generated by a, b, a,/3 has a presentation 
V=(u,b,a,/3~u2=b2=(ub)4=a2=~2=(a/3)4=1) 
(2) 
and so VrD, * D,. 
We also have A’ = UV= VU and Un V= {l}. 
LEMMA I. A’ is not a non-trivial direct product. 
ProoJ Let A’ = N, x N2 and write x = x1x2 with xi E Ni. Assume that 
x1 # 1 # x2. Then x, x, , x2 are elements of order 3 no two of them conjugate. 
Since bxb-’ =x2 and a&-’ = c*, it follows from [5, Proposition 2, Cor. 1, 
p. 131 that every element of order 3 in A’ is conjugate to x or <. Hence we 
have a contradiction. Thus (say) x2 = 1, i.e., x E N,. Now the defining 
relations imply that A//N, is the trivial group. Hence N, = A’ and N2 = {l}, 
as claimed. 
11. We conclude by proving: 
THEOREM 2. A’ is simple. 
Prooj Assume that A’ possesses a proper non-trivial normal subgroup 
N.IfN,=yNy-‘thenbyLemma7’wehaveNnN,#{1}orNN,#Ar.By 
replacing N by N n N, or NN,, we may also assume that yNy-’ = N. By 
repeating this argument with c instead of y, we infer that in addition we may 
assume that CNC- ’ = N. This means that N 4 A, which is impossible by 
Theorem 1. Hence A’ is simple. 
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iVote added ia prooj Some time ago, when they first considered such things, Bernhard and 
Hanna Neumann raised the question: If a finite amalgam is embeddable in a group, is it 
embeddable in a finite group? The answer to this question is negative because our amalgam 
A r U A, U A J U la4 provides a counterexample. I am indebted to G. igman for this obser- 
vation. The above question is stated as an open problem in B. II. Neumann’s article, Some 
groups I have known, in “Proceedings, Second Intern. Conf,. on the Theory of Groups, 
Canberra 1973,” Lecture Notes in Math. No. 372, pp. 5 16-5 19, Springer-Verlag, Berlin/New 
York, 1974. 
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